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Abstract 

Matrix representations of Hecke operators on classical holomor- 
phical cusp forms and the corresponding period polynomials are well 
known. In this article we derive representations of Hecke operators for 
vector valued period functions for the congruence subgroups Tq (n) . 
For this we use an integral transform from the space of vector valued 
cusp forms to the space of vector valued period functions. 
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1 Introduction 

In |Mun4j we discussed the Hecke operators for period functions for the full 
modular group. In particular we showed that the formal sum of integral 
matrices Y] a>c>o (°' ^ ) is a representation of the m*^ Hecke operator on 

ad — bc—m 

period functions for the full modular group. The aim of the present paper 
is to give an explicit representation of the m}^ Hecke operator on period 
functions for subgroups Fq (n). The method used in this paper holds for all 
discrete subgroups of the full modular group with finite index. 

To state our main result and to sketch the content of each section we 
have to fix some notations used throughout the text. For an integer n let 
Mat„(2,Z) (respectively Mat,,(2,Z)) be the set of 2 x 2 matrices with in- 
teger entries and determinant n (respectively nonzero determinant). Let 
TZn := Z[Matn(2,Z)] (respectively 7^ := Z[Mat^(2, Z)]) be the set of finite 
linear combinations with coefficients in Z of elements of Mat„(2,Z) (re- 
spectively Mat^<(2,Z)). Similarly, we denote by Mat^(2,Z) (respectively 
Mat^(2,Z)) the set of 2 x 2 matrices with integer nonnegative entries and 
determinant n (respectively nonzero determinant). Denote furthermore by 
7^+ := Z[Mat+(2,Z)] (respectively 7^+ := Z[Mat+(2, Z)]) the set of finite 



linear combinations with coefficients in Z of elements of Mat^(2, Z) (respec- 
tively Mat+(2,Z)). Note that 7^(+) = U^=i ^"^^ and • C TZ^nd. 
By definition we have SL2(Z) = Mati(2,Z). The following four elements of 
SL2(Z) will play a special role in our paper: 

/:=(^?), T :=(-), 5:=(?V) and T' := (J 

For each n G N the Hecke congruence subgroup Tq (n) is given by 

To (n) ^) G SL2(Z); c = mod n} . 

The full modular group is denoted by r(l) := Tq (1) = SL2(Z). Let fj, = 
denote the index of Tq (n) in r(l) and let ai, . . . denote representatives 
of the right cosets in Tq (n)\r(l). 

We also need the set of upper triangular matrices 

^- = {(0 d) eMat^(2,Z);d>6>0}. (1) 

Let C denote the one-point compactification of C. The map 

'a b\ az + b 



Mat.(2,Z) xC^C; ( ^) , z) ^ ^) z := 



cz + d 



gives an action of the matrices on C. It induces the familiar slash action \s 
on functions / on ^ := {z G C; Im(z) > 0} resp. (0, 00) formally defined by 

f\s{:',) (-) = i-d - bey {cz + d)-'^ f (^) (2) 



for complex numbers s and certain classes of matrices ^j- The slash 
action is well defined for 

(a) s G Z, (^;; ^) G Mat„(2,Z), m G N, z G f) and 

(b) s G C, (^;; ^) G Mat+(2,Z), m G N and z G (0, cx)) 

as the discussion in |HMM05| shows. A simple calculation gives {f\s'^)\sl = 
71^(0:7) for all matrices a, 7 G Mat,,, (2, Z) in case (a) resp. Mat;i^(2, Z) in 
case (b). We extend the slash action linearly to formal sums of matrices. 

Recall Maass cusp forms: A cusp form u for the congruence subgroup 
Tq (n) is a real-analytic function u : S) ^ C satisfying: 

1. u{gz) = u(z) for all g £Tq (n), 

2. Au = s{l — s)u for some s G C where A = — + dy) is the 
hyperbolic Laplace operator. We call the parameter s the spectral 
parameter of u. 
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3. u is of rapid decay in all cusps: if p G Q U {00} is a cuspidal point for 
Tq (n) and g G r(l) is such that gp = 00 then u{gz) = O (ibi{z)'^^ as 
Im(z) 00 for all C G M. 

We denote the space of cusp forms for Tq (n) with spectral value s by /^(n, s). 

The last condition above actually states two different conditions: van- 
ishing in all cusps and an explicit growth condition. Both are equivalent 
since it is shown in |Iw02j that vanishing in the cusp p = g~^oo implies the 
stronger growth condition u{gz) = O (e~^™^^-*) as Im(z) 00 which again 
implies vanishing at the cusp p = g^^oo. 

A function / : (0, 00) ^ C is called holomorphic if it is locally the 
restriction of a holomorphic function. 

The vector valued period functions for Tq (n) are defined as follows: A pe- 
riod function for Fq (n) is a function : (0, 00) — > with = (V'i)ie{i,...,At} 
such that 

1. ipi is holomorphic on (0, 00) for alH G {1 . . . , fi}. 

2. ip{z) = p{T~^) ^{z + l) + {z + p{T''^) if . We call the pa- 
rameter s G C the spectral parameter of ^. The matrix representation 
p : r(l) — > <C^^^ is induced by the trivial representation of Tq (n) as 
introduced in ^3.21 

3. For each i = 1, -0^ satisfies the growth condition 

I ( \ - j O [z'^^^^'^-^^<')}) as 2 i and 

"^'^^^ ~ \ O (zmin{0,-2R<.)}) aS Z ^ OO. 

Following |LZnij we denote the space of period functions for Fq (n) with 
spectral value s by FE(n, s). We call a function ip a period like function if 
ip satisfies only the conditions 1 and 2. The space of period like functions 
for Fq (n) with spectral value s is denoted by FE*(n, s) 

In ^we construct a bijective map S{n, s) — > FE(n, s): For this we intro- 
duce the space of vector valued cusp forms Sirid{n, s) and define an operator 
P '■ 'S'ind('^) s) — > FE(n, s) in the form of an explicit integral transform. The 
operator P was studied in [LZDlj for cusp forms of the full modular group 
and in |Miin3j for cusp forms of F(l) with arbitrary real weight. Martin 
discusses a similar integral operator for modular cusp forms of weight 1 in 

[Hi]- 

We derive our main result through a map S{n, s) FE(n, s) by which 

the 

rri^^ Hecke operator i/n,m on S{n, s) induces an operator Hn,m on FE(n, s). 
For n = 1 and m prime these operators coincide with the operators T{m) 
in |HMM05] which are derived there from the transfer operators only. For 
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this special case the operators were also determined in |Mun4j using Eich- 
ler integrals to map Hecke operators on cusp forms to Hecke operators on 
period functions. For n > 1 the operators T^^^ in |HMM05] and the oper- 
ators Hn,m are not the same in general. The exact relation between these 
operators will be discussed in MM^. 

2 On Farey sequences 

In this section we discuss some properties of rational numbers related to 
Farey sequences. Our discussion is closely related to the modified continued 
fractions introduced in H MMOSj . 

2.1 Farey sequences a la Hurwitz 

Let us recall the theory of Farey-sequences. Most of the properties men- 
tioned can be found in |Hu94j . We adhere to the convention to denote 
infinity in rational form as oo = ^ and — oo = ^ and to denote rationals | 
with coprime p G Z and g G N. 

Definition 2.1 For n G N the Farey-sequence -F„ of level n is the sequence 




— ; u,v G T^Aul < n,0 < V < n 

V 



) 



ordered by the standard order < o/M. We define Fq as 




The level function lev : Q ^ Z is defined by 





otherwise. 



Let I and ^ be two neighbors in the Farey-sequence F^. Then the square 



matrix 




^) satisfies det h = ±1 (see Satz 1 in (rnlMj l. 




Lemma 2.2 Let ^ and ^ be two neighbors of the Farey-sequence Fn- Then 




Proof. For c = (resp. d 
det ("o^ 7') = -1 (resp. det ( 



n 1 
1 




< ^) and 
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Assume that c,d>0. Since f < ^ is equivalent to ^ < ^ and hence to 
ad — be < 0, the statement of the lemma follows from Satz 1 in |Hu94j . □ 

Remark. Our applications of the Farey sequences deal mostly with the 
case det = —1. However, we prefer matrices in r(l). For this we 

replace the matrix by This obviously does not change the 

rational numbers ^ and ^. 

We need also the following result in |Hu94j : 

Lemma 2.3 For ^ and ^ with a,b,c,d G Z, c,d > and ad — be = ±1 
define n := max|lev(|) , lev |. Then ^ and ^ are neighbors in the 
Farey- sequence Fn- 

2.2 Left neighbor sequences 

We define the left neighbor map LN : Q U {+00} — > Q U {—00} such that 
LN(g) is the left neighbor of q in the Farey sequence -Fiev(<j)) that is 

LN(g) = max{r G Fiev(g); r <q]. (3) 

For g = ^ G QU {+00} put f = LN(|) G QU {-00}. Then by construction 
of the map LN we have lev(f ) < lev(^) and by Lemma 1^ det (^^ = -1. 

Lemma 2.4 Forq G QU{+oo} and\eY{q) > d we have lev(LN(g)) < lev(g). 

Proof . If lev(g) = 1 the set of rational numbers of level 1 is {±1}- The 
statement of the lemma then follows since LN(1) = and LN(— 1) = — 00 
are of level 0. 

If iV = lev(g) > 1 write q = ^ with gcd(6,d) = 1, d > and LN(g) = f 
with gcd(a, 6) = 1, 6 > 0. Lemma 12.21 implies that ad — be = —1. Assume 
that lev(LN((7)) = lev(g). Then max{|a|,c} = max{|6|,(i} = N and \a\ / c, 
|6| ^ d. There are four cases to consider: 

if |a| = |6| = we find —1 = ad — be = sign (a) Nd — sign (6) Nc. Hence, 
sign (6) c — sign {a) d= jj which contradicts c,d(^Z, 

if c = d = N we find —1 = ad — be = aN — bN. Hence, 6 — o = which 
contradicts a,b €z Z. 

if |a| = d = A^ we find —l = ad — bc = sign (a) A^^ — be. Hence, be = 1 + 
sign (a) A^^ and |6|,c < A^ — 1. The second estimate implies \bc\ < 
-1 which is a contradiction. 

if |5| = c = N we find —1 = ad — be = ad — sign (6) A^^. Hence, ad = 
— 1 + sign (6) A^^ and \a\,d < N — 1. The second estimate implies 
\ad\ < N'^ — 1 which is a contradiction. 
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Hence the assumption lev(LN(g)) = lev(g) was wrong and lev(LN(g)) < 
lev(g) must hold. □ 



Definition 2.5 Let be q £ QU {+00} and L = Lg G N such that 

LN'^(g) = -00 and LN'(g) > -00 for all I = 1, . . . , L - 1. 
The left neighbor sequence LNS(g) of q is the finite sequence 

LNS (q) = (LN^ (q), LN^" \q), . . . ,LN\q),q), 
where we use the notation LN'(g) := LN(LN(- • • LN(g)) • • • ). 

^ V ' 

/ times 

Remark. The number L in Definition 12.51 is unique. 
Lemma 2.6 For q £ Q consider the left neighbor sequence 

LNS(g) = (yo,...,yL) 

with uq = —00 and yi = q- The sequence (y^, . . . ,yo) is a partition of q 
which is minimal for < q < 1 in the sense of Definition 2.3 in \HMM05^ . 

Proof . We assume the elements of LNS(g) to be given a.s yi = Y^ with 
gcd(a;, bi) = 1 and bi > 0. By construction, yi^i < yi and both numbers are 



neighbors in the Farey sequence -Fiev{y;)- Lemma implies det ^ 

— 1. Hence, det (^i,'^' _^ -ch' 1) ~ ^ sequence (yL, ■ ■ ■ ,yo) is a partition 

of q in the sense of Definition 2.3 in |HMM05] . 

We consider the case < g < 1. We have to show that the partition is 
minimal in the sense of Definition 2.3 in [HMMOS] and hence the denomi- 
nators bi of yi have to satisfy 

= 60 < 61 < . . . < bi-i < bi. 

The construction of the left neighbour map and the fact 5 > implies that 
yi = and bi = 1. Since = yi < yi < 1 for alH = 2, . . . , L forces the 
denominator bi of yi to be larger than 1 for all / = 2, . . . , L we have to check 
the inequalities above only for the indices / > 2. Obviously for < | < 1 
with gcd(a, 6) = 1 and a,b > one has b > a and hence lev(|) = b. 

Consider yi, I = 2, . . . , L, with denominator bi = lev(|j) > 0. Lemma [2.4l 
implies that = LN(?//) satisfies bi^i = leviyi-i) < bi. The partition 
{yLi • • • , yo) is indeed minimal. □ 
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Lemma 2.7 ForO < q < 1 rational the two sequences hNS{q) = {yo, . . . ,1/1) 
with HQ = —00 and Ul = Q o-nd the sequence defined by the modified con- 
tinued fraction expansion (xq, . . . ,xl^) with xq = q and xl' = —00 given in 
\HMMO^ coincide. Indeed L = L' and yi = x^-i for all I = 0, . . . , L. 



Proof. For < q < 1 rational the left neighbor sequence LNS(q') is a 
minimal partition by Lemma 12.61 According to [HMMOS] this partition is 
unique and hence Lemma l2 . 71 holds . □ 



Definition 2.8 To q G [0,1) rational and LNS(g) = {^,...,^) with 
gcd{ai,bi) = 1 and bi > 0, I = 0, . . . , L, we attach the element M(q) = 

^('?) = ^0 ' + ••• + ( -t-l + ■■■ + { --Zzl ZY'- (4) 

Remark. Obviously the number L in Definition 12.81 depends on q. 

In the following we need some properties of the matrices in M{q)A for 
A E Mat*(2,Z): 

Lemma 2.9 For < q < 1 rational and M{q) = ^^j^ ^* one has 
ciC -\-di > for all ( > q. 

Proof. By construction, the l^^ summand of M{q) in @ has the form 
) with ^ < ^. Since |a = _oo and = g we find ^ < g 

\bi^i -a;_i J b;_i bi bo bL ^ o;-i ^ 

for Z = 1, . . . , L and therefore bi^iq — ai_i > 0. Since C ^ Q aiid Q = ^i-i ^ 
the lemma follows immediately. □ 



Lemma 2.10 Let A = ("^ ']) e Mat=^(2,Z) be such that a,b eN, <b < d 



and Af(^) = X^^i^n-i- Then the matrices miA contain only nonnegative 



integer entries. 

Proof. By construction, m; = (^^^^'^ -a^' 1) with |^ < ^ for all I = 

1, . . . ,L and ^ = —00 and = ^- Hence the statements < 2 — 

bbi are equivalent for ah / = 0, . . . , L. We see that niiA = {^^^^[^ hbi^[~M_^ 
has only nonnegative entries. □ 



Lemma 2.11 Let A and mi be as in Lemma \2.1IA Then the entries of the 
matrix mi A = ^, ^ satisfy 



a 



' > c' > and d' > b' > 0. 
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Proof. For q = ^ sequence LNS(^) in reversed order is minimal 
according to Lemma l2.6l This allows us to use statement (6.3) in |HMM05] 
which is formulated there only for certain upper triangular matrices j4[c:rf]- 
The proof of this statement extends however also to the upper triangular 
matrix A. □ 



3 Vector valued cusp forms and Hecke operators 

Fix an n G N throughout this section. We will introduce vector valued cusp 
forms transforming under a representation of the full modular group and 
show these vector valued cusp forms and scalar valued cusp forms to be 
equivalent by an explicit bijective map. 

3.1 Hecke operators for scalar valued cusp forms 

Recall the definition of the Hecke operators on S{n, s) for a fixed s G C as 
introduced by A. Atkin and J. Lehner in |AL7flj . 

Definition 3.1 Denote by T{p) and U{q) for gcd(j),n) = 1, q\n and p,q 
prime the following elements in TZp resp. TZq: 

ad=p 0<b<q 
0<b<d 

The induced maps S{n, s) — > S{n, s) given hyw^ u\qT{p) resp. u\qU (q) 
are called the p^^ and q^^ Hecke operator Hp resp. Hq on S{n,s) 

Remarks. 

• Obviously, the Hecke operators Hp and Hg depend on n. 

• A complete discussion of the Hecke algebra acting on cusp forms for 
Tq (n) can be found in [Mi89| . 

• For m G N the m^^ Hecke operator H„i on S{1, s) is given by 

HmU = E "lo^' (6) 

see e.g. |Mi89j . 
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3.2 Induced representations 

Let G be a group and H he a subgroup of G of finite index /i = [G : H]. For 
each representation x '■ H ^ F,nd{V) we consider the induced representation 
Xh '■ G — End(V(3), where 

VG:={f:G^ V; f{hg) = x{h)f{g) for all 5 G G, G H} 

and 

{XH{9)f){9')=f{9'9) ioT all g,g' eG. 

For V = C and x the trivial representation we call the induced representation 
Xh the right regular representation. In fact, in this case Vq is the space of 
left //-invariant functions on G or, what is the same, functions on H\G, 
and the action is by right translation in the argument. One can identify Vq 
with using a set {ai, . . . , a^} of representatives for H\G, i.e., 

H\G = {Hai,...,Ha^}. 

Then 

Vg^V^" with 

is a linear isomorphism which transports xh to the linear G-action on 
given by 

9 ■ {vi, . . . = {x{oiiga^^)vki, . . . ,x{o!^,9a^^)vk^) 

where kj e {1, . . . , /i} is the unique index such that Hajg = Haky To see 

this, one simply calculates 

{XH{g)f){aj) = fiajg) = /{ajga^^ak^) = x{ajga^^){f{akj)). 

In the case of the right regular representation the identification Vq = 
gives a matrix realization 

pig) = i^H{o!iga-^))^^ij^^ 

where Snig) = I- g & H and Snig) = otherwise. In particular, the 
matrix p{g) is a permutation matrix. 

We take G = r(l), = Fq (n) and ai, . . . , G F(l) as representatives 
of the Fq (n) orbits in F(l). The matrix representation p : F(l) — C'^^'* is 

Pig) ■■= (<5ro(n)(«i t^aj^)),^. for all g G F(l). (7) 

^ / i<t,j<ij. 

We easily check that p satisfies pig') pig) = pig'g) for all g^g' G F(l). 
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3.3 Vector valued cusp forms 

For each u £ S{n, s) we construct a vector valued version of u which trans- 
forms under the representation p. As usual, the index [r(l) : Tq (n)] is 
denoted by /i = /in- 

Definition 3.2 A vector valued cusp form u : Sj ^ for Tq (n) with 
spectral value s C is a vector valued function u = (ui, . . . , u^Y"^ satisfying 

• Uj is real- analytic for all j G {1, . . . , /x}, 

• u{gz) = p{g) u{z) for all z £ and g £ r(l), 

• Auj = s(l — s)uj for all j € {1, . . . , /x} and 

• Uj(z) = O ^lm(z)'^^ as Im(z) oo for a// C G M and j G {1, . . . ,p}. 

We denote the space of all vector valued cusp forms with spectral parameter 
s for To (n) by Sind{n,s). 

Remark. The group r(l) acts on the vector sapce 5'ind(f^5'S) via 

r(l) X Sind{n, s) Sind{n, s); {g, u) ^ p{g~^) ul^g 

where p is the representation in ((T)). This implies in particular that the 
growth condition on vector valued cusp forms at the cusp oo gives a growth 
condition at all cuspidal points p G r(l)oo = Q U {oo}. 

To each u G S{n, s) we associate the vector valued function n(u) given 

by 

n : 5(n, s) ^ S'indlra, s); u i-^ n(n) := (nlgai, . . . , u|oa„)*''. (8) 

The function n(u) satisfies all four properties of a vector valued cusp form 
in Definition 13.21 Indeed, take an u G S{n, s) and an index i G {1, . . . , p}. 
Obviously, [n(u)]^ = nlgaj is real-analytic on ^, it is shown in §2.2.3 and 
§2.2.4 in [Rr94j that 

A[n(n)]. = A(n|oai) = {Au%ai = [n(An)]., 

and the growth condition for H{u) also follows directly from the growth 
condition for u. To check the transformation property under p, take & g £ 
r(l). There exists a g' £ Tq (n) and an unique j £ {l,...,p} such that 
aigaj^ = g' £To (n). Hence 

MuMgz) = (u|oai5)(z) = {u\Qg'aj)iz) 

= ^roin){aigaJ,^) {u\Qg'aj>){z) = [p{g)U{u\og')]i{z) 
i'=i 

= [p{g)U{u)]^{z) 
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The second property follows since g' G Fq in) and u is Fq (n)-invariant. 
Hence ]!(«) G Sindl^T-, -s)- 

On the other hand, consider a vector valued cusp form u G Sia^in^s) 
and take the unique j G {1, . . . with Fq {n)aj = Fq (n). The function 
u := Uj is in S{n^s): The function n satisfies the transformation property 
u|q(7 = u for all g G Fq (n) since p{g)jj = 5ro(n)('^i5CK7"'^) = 1 ^-^^ u is an 
eigenfunction of A with spectral parameter s. To show that u vanishes in 
all cusps take a cuspidal point p G QU {00} of Fq (n) and g G F(l) such that 
gp = 00. There exists an index i G {1, . . . , //} and a 7 G Fq (n) such that 
g = 7aj. We find that 

Ujioiz) = [p{ai)u]jiz) = [u].{z) 

since [p(ai)]jj = <^ro(ri)(«j «i = 1- Hence 

u{gz) = Uj(jaiz) = Ui{z) = O ^lm(z)'^^ as \m{z) 00 for all C G M. 

By the transformation property under the representation p one sees that 
u = U{u). 

Summarising, we proved the following 

Lemma 3.3 The spaces Si^di^js) and S{n,s) are isomorphic. 

Moreover, vector valued cusp forms satisfy the following growth condi- 
tion. 

Lemma 3.4 For g G F(l) a vector valued cusp form u G Sindi'iT'i s) satisfies 
[u\.{gz) = O (^e"27rlm(^;)^ ^^(^^-^ _^ ^ ^^^^^ bouudcd (9) 

for all j G {l,...,p}. 

Proof. Take an u G S{n,s) such that n(u) = u and take an index j G 
{1, . . . , p}. For each cuspidal point p G QU{ioo} and 7 G F(l) with 700 = p, 
Iwaniec has shown in Theorem 3.1 in |Iwn2j that 

u{-fz) = O (^e"2^M^)^ jj^^^) ^ ^ j^g(^) bounded. 

For j G {1, . . . take p = ajoo and 7 = a^. Hence the above growth 
estimate implies for the j^^ component of u that 

[u].{z) = O (^e-2^^™(^)) as Im(z) ^ 00 and Re(z) bounded 

since [n]^- = [n(u)]j- = ul^aj. Repeating the argument for all j G {1, . . . ,//} 
we find that the growth estimate © holds for g = I the identity element in 
F(l). The stated estimate holds since u{gz) = p{g) u{z) for all g G F(l) and 
the index p of Fq (n) in F(l) is finite. □ 
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3.4 Hecke operators for cusp forms 

To derive a formula for the Hecke operators acting on Sindin, s) we have to 
write the vector valued cusp form n(ii|Q ^^^) in terms of a linear action 
of a certain matrix sum on the vector valued cusp form Il(u). 

For this recall the Hecke operator Hm in ^llll For prime p, q with 
gcd{p,n) = 1 and q\n the p^^ (resp. q^^) Hecke operator Hp (resp. Hq) 
is given by the action of T{p) (resp. U{q)) on the space of cusp forms which 
we write as 

S{n, s) — > S(n, s); u i— > u\q A = "^^Iq^ 

A AeA 

with ^ = T{p) and A = Xp (resp. J2a^ = U{q) and A = \ °))- 
Consider the j'*^ component of the vector valued cusp form n(u|Q A). 
We would like to write this component as 




for certain indices </>a(j) £ {l, • • • > /^^n} and certain upper triangular matrices 
Ga. {A) . This will allow us to use the in introduced integral transform to 
determine the form of the Hecke operators on period functions. 

The following lemmas show that relation makes really sence. 

Lemma 3.5 For each g G r(l) there exists a unique bijective map ag : 
Xra Xm With Ag {ag{A)y^ £ r(l) for all A £ Xm- 

Remark. The inverse of ag is given by cr~^ = c^-i- Indeed this follows 
from 

a;\A)gA-' £r{l) ^ {a;HA)gA-Y' = Ag'' {agHA))-' £ r{l). 

For Lemma 18.51 we need the following technical result: 

Lemma 3.6 For any m £ N, any A £ Xm and arbitrary g £ T{1) there 
exist unique matrices A', A" £ Xm with 

Ag {A')~^ £T{1) and A"gA'^£T{l). (11) 

Proof . The second statement in (|11() follows from the first one by taking 
the inverse of Ag^^ {A')~^. We show the first statement in (|llj) in two 
steps. 



For A = hyj £ Xm with gcd(a, b,d) = 1 and g £ T{1) put A = 




with b := b + (gcd(a, 6) — l)d. Then gcd(a, 6) = 1 and Lemma 5.11 in 
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|HMMn5] applies to A: for given A and g there exists a unique A' S Xm 
such that 

Ag {A'y' = [I ^^'^(f )-i)^<7 {A')-' e r(l). 

Hence ((TT|) holds for A and 

We extend the result to each A = G -^m and 5 G r(l): Write 

A = (^0 aiid put Z = gcd(a, 6). Then the matrix satisfies the 

assumption in the previous step. We find a matrix (% ^'^ ^ Xs^, such that 

V:=(Jj)->(o'5;)"''^r(i), 

( // L// \ 
Q ) ^ ^/ such that 



. 1 / \ d" 

Hence 



J9 



a" b" \(a' b' 
d" j I d' 



er(i). 



It is shown in the proof of Lemma 5.11 in [HMMOBj that the entry a'b" + b'd" 
of the triangular matrix 



a' b'\ a" b"\ _ a' a" a'b"+b'd" 
d' [ d" ~ \ d'd" 



is unique modulo d d . Hence the matrix \^ ^ d'd") ^i^^ < b < d d , 
b = a'b" + b'd" modulo d'd" fulfills the requirements stated in the lemma. □ 

Proof of Lemma 13. 5L For g £ r(l) define the map ag : X^ as 

o'g{A) := A' , where A' is given in (|11|) for A and g. Similarly define the map 
a'g : Xm Xm as cr'g{A) := A" . Then the map a'g is just the inverse of ag-. 
For A £ Xm put A := a'g{ag{A)). Then by construction A £ Xm- Hence we 
have two matrices A and A in Xm satisfying 

Ag{agiA))-' and G r(l). 

Uniqueness in Lemma 13.61 shows that A = A, i.e. 

a'g{ag{A)) = A. 
Exchanging the roles of ag and a'g above shows also that 

ag{a'g{A)) = A. 
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Hence the map ag : Xm Xm is bijective with inverse a'g. □ 

For positive n,m £ 7^ the inclusion Tq (mn) C Tq (n) induces a projec- 
tion map To (mn)\r(l) — > Tq (n)\r(l): if ai, . . . , are representatives 
of To (n)\r(l) and Pi, ... , Pf_i^„ are representatives of Tq (mn)\r(l) we can 
write this map as a map on the indices of the representatives: 

Xmn,n • {1; • • • j A'mn} ^ {Ij • • • j A^ri}) (i-^) 

with 

To imn)Pi C To (f^)axmn,n(i) alH G {1, . . . , /Xmn}- (13) 

holds. 

Definition 3.7 Let ai, . . . ,a^^ be representatives of the right cosets of 
Tq (n) in T{1). For A £ X^ we define the map 

4>A = (pA,n- {1, . . . ^ {1, . . . ,/U„}; i^(l)A{i) (14) 

such that 

Aui e To (n)a0^(j) <Ta,{A). (15) 

Remarks. 

• The map cpA in Definition 13.71 depends on m and the indices fin = 
[r(l) : To (n)] and so on m and n. Usually we write (/>yi_„ = cpA 
omitting the index n since n is fixed in the entire discussion. 

• Lemma 13.51 implies that the map (pA is well defined through rela- 
tion (fT3|) . 

Now we can define Hecke operators for vector valued cusp forms. 

Definition 3.8 For n, m G N, m prime and s £ C put Y^A^ ■~ T{m) if 
m \ n and put X^^^ := U{m) if m \ n. The m^^ Hecke operator Hn,m on 
u£ S\yi(i{n,s) is defined as 

{Hn,mU)j ^ ^ ^^</.A(i)lo^aj (^) f^'^ J S {1, . . . , /in}- (16) 
A 

Remark. In H16|) we sum over all^ G Xm ifmfnand A G XmMC^ ?)} 
if m I n. 

The m*^ Hecke operator Hn^m on S'ind('^) s) corresponds to the m^^ Hecke 
operator Hm on S{n, s) as the following proposition shows. 

Proposition 3.9 We have Tl{Hmu) = Hn^rrJ^{u). 
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Proof . For u = {uj)j £ Si^din, s) there exists a cusp form u G S{n, s) with 
u = n(u). The rri^^ Hecke operator Hm acts on u as u|q A. Since !!(«) = 

(^lo«i)ie{i,...,M„} find n(M|o^^^) = ((w|o Ea ^)lo«i)ie{i,...,M„}- Since 
G To {n)a^^(^j-^aa^{A) we have 

Hence n(i/m^i) = -f^n,mn(u). □ 



4 On period functions 

We fix n G N and the congruence subgroup Tq (n) of r(l) with index jj, 
throughout this section. We recah briefly the definition of period functions 

in an 

Recall that a function / : (0, oo) — > C is called holomorphic if it is locally 

the restriction of a holomorphic function. 

Denote by FE* (n,s) the space of vector valued functions ip : (0, oo) — > 
which are holomorphic in each component and satisfy the three term 

equation 

iJ = p(T-^) v^|2,r + p{T'-') v^|2,r' (17) 

where p : T{\) — > C^^^ denotes the right regular representation of Fq (n) 
defined in ((T)) . We call such functions ■0 period like functions for Fq (n) . If 
a period like function ip = satisfies the growth condition 

(A-i O as z i and 

^U^j - \ O (zmin{0,-2Rc(.)}) aS Z ^ OO. 

for all i G {l,...,/i} we call -0 a period function. The space of period 
functions is denoted by FE(n, s). 

Remarks. 

• It was shown by J. Lewis and D. Zagier in |LZnij that for the full 
modular group the space of period functions FE(1, s) is isomorphic to 
S{\,s). A. Deitmar and J. Hilgert generalize this result to submod- 
ular groups of finite index in (DHQ4j . and hence in particular for the 
congruence subgroup Fq (n). 

• Put M = (° g). The authors of [HMMOBj study solutions of 

= p(r-i) V7|2,T ± p{MT'-^) V^|2,(Mr') (19) 

which is Equation (4.6) in HMMOSj. Solutions tp of equation H19|) cor- 
respond to eigenfunctions of the transfer operator Cs with eigenvalue 
±1, see |HMMn5j . 
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4.1 Some technical computations 

To define the integral transform mapping vector valued cusp forms for Tq (n) 
to period functions for Tq (n) in ^4.2l we have to recall the function Rc^{z) and 
the 1-form ry(-,-) used already by Lewis and Zagier in jLZOlj . respectively 
the author in |Miin3j . 

The function R({z) is defined for x + iy = z £ and ( £ C \ {x} as 
follows 

y_ 



^C(^) = o - (20) 



For C G M we have R({z) = Using the relations 



(cC + d){cz + d) 

valid for g = E GL2(M), G M and z E ^, a straightforward calcula- 

tion shows that Rc_{z) satisfies the transformation formula 

^^^^R,^{gz)=R^{z) (21) 

for all g £ GL2(M) and real Moreover R^{z) is an eigenfunction of the 
hyperbolic Laplace operator, |LZ01j . 

A{R^{z)r = s{l - s) {R^{z)r {s£C). (22) 



For two smooth functions u,v on define the 1-form ri(u, v) as in |LZnij : 
r]{u, v) := {vdyU — udyv)dx + {udxV — vdxu)dy. (23) 
The following Lemma is shown in |LZnij : 

Lemma 4.1 If u and v are eigenf unctions of A with the same eigenvalue, 
then the 1-form r]{u,v) is closed. If z ^ g{z) is any holomorphic change of 
variables, then the 1-form satisfies rj{u o g^v o g) = r]{u, v) o g. 



4.2 The period functions of vector valued cusp forms 

We identify ±00 with the cusp zoo. The action of r(l) on extends naturally 
to f)* :=^UQU{oo}. 

By a simple path L connecting points zq,zi G $j* we understand a 
piecewise smooth curve which lies inside Sj except possibly for the initial 
and end point zo,zi and is analytic in all points ^* \ ^ in the sense of 
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|La76j on page 58. Two simple paths -^^20,^1 and L'^^^ are always homo- 
topic, see |La76j . A 'path L connecting points zq^zi G 9)* is given by the 
union of finitely many simple paths Ln, n = 1, . . . , N connecting the points 
zo,n, zi,n £ ^* such that zq^i = zq, zi^n = -^o.n+i and zi^N = zi. We say that 
a path L lies in the first quadrant resp. in the second quadrant if Yie{z) > 
resp. Re(z) < for almost all z £ L. For distinct zq, zi £ Sj* \ S) the stan- 
dard path LzQ^zi is the geodesic connecting zq and zi. A standard path L is 
also a simple path. 

Definition 4.2 For u E »S'ind('^; s) and Lo,oo the standard path the integral 
transform P : Siridin,s) — > (C"^(0, 00))'^, with C"^(0,oo) the space of holo- 
morphic functions on (0, 00), is defined as 

{Pu).{C)= [ r]{ui,Rl) forC>0,ie{l,...,fx}. (24) 

Formally, we write \24\) as 

iPum= [ viu,Rl). (25) 

The integrand r]{ui, R^){z) in (|24)) is of exponentional decay in and 
00 since the cusp form u{z) satisfies the growth condition ®. Hence the 
integral in (|24|) exists. 
Remarks. 

• The notation for the integral transform P does not show its dependence 
on the spectral paramenter s. 

• The convergence of the integral in H24|) for the full modular group is 
also shown in |Miin3j . 

• The 1-forms r]{ui,R^) are closed since Ui and R^ are eigenfunctions of 
the hyperbolic Laplacian with the same spectral parameter s. Hence 

/ viu^,Rl)= I viu^,Rl) = [PuUC) 
•J L' J Lo,oo 

for arbitrary paths L' homotopic to Lq^^o- 

• The function Pu{C) is a holomorphic function in This is a con- 
sequence of the fact that R^{z) is holomorphic in ( as can be seen 
from (|20|l . 

The function Pu in ()25|) has the following transformation property: 
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Lemma 4.3 For C > and 7 = ^ d) ^ ^(^^ ^^^^ a,b,c,d > the function 
Pu with u G Siadi^, s) satisfies 



(cC + d)-'' pir') Pui^O = I n{u, Rl). (26) 

—1*1 —1 
7 (J,'y oo 



Remark. Using the slash action we can rewrite (|26j) as 
p(7-i) {{PU) 7)(C)= / v{u,Rl). 



Proof of Lemma 14. 3L Let 7 satisfy the assumption in the lemma. By 

7-10,7- 



construction Lo,oo and 7 = L^-iq 7-I00 are paths in the second quadrant 



Then 

icC + d)-'^pir')PuilC) = I vipil-')u,{cC + d)-'^W^^) 



0,00 



vipir'Kicc + dr'^Rf^^i^r'-)) 

7l{u,Rl){^-'-) 
v{u,Rl) 

L —In —1 

7 (J, 7 CXD 

where we made a change of variables and used Lemma 14. H the transfor- 
mation property (PT|) of -R^ and the property u{'^~^z) = p{'~f~^)u{z) of the 
vector valued cusp form u. The substitution is possible since the singulari- 
ties of the integrand are in z = cC + d and z = Both values are positive 
under the assumptions of the lemma. □ 

Remark. The assumption in Lemma 14.31 that 7 has no negative entries 
makes sure that we do not integrate close to the singularities of the integrand. 
We refer to Proposition 42 in |Mii03j . The corresponding formulation in 
|LZ01j is not strong enough. 

Lemma 4.4 For u £ Sindin, s) each component of the function Pit in \26\) 
satisfies the growth conditions 



{PnUO 



Q /(^max(o-2R<s))^ as Q [ Q and 

Q ^^min (0 -2R<s)) j aS C^OO. 
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Proof. The lemma follows directly from the proof of Proposition 44 
in |Mu03j . For n = 1 the growth estimate was also shown in |LZ01j . 
□ 



Proposition 4.5 For u £ Sindin, s) the function Pu is a period function. 

Proof. For u G S'indl'^jS) Lemma 14.41 shows that Pu satisfies the growth 
conditions for period functions. Hence if Pu satisfies (|17|) then the Proposi- 
tion is true. 

Consider the path Lo,oo- We have that Lo,oo = Lj'-iQ j^-i^ULrpi-iQ j-i-i^ 
and T and T' have only nonnegative matrix entries. Using Lemma 14.31 we 
find for all C > 



PuiC) = / r]iu,Rl) 

= / ri{u,Rl) + / viu,Rl) 

= p(T-i) Pu{TC) + p{T'-') (C + PuiT'C). 



□ 



Proposition 4.6 For s G C \ Re(s) > the operator P : Si^idin-is) 
FE(n, s) is bijective. 

Proof. Put vo{y) = -^Uj{iy), vi{y) = ^ (dxUj) (iy) with the unique 
j G {1, . . . such that Fq {n)aj = Tq (n). Let r G C satisfy < Re(r) < 
2Re(s). Using ^ and ^ we find that 

/•oo 

{Pu)^{OC-'dC (27) 

{Pu)AC)C''dC 



3 

oo fOO 



^0 

oo 



u,{iy) {d^Rl) (iy) - Rliiy) (d.Uj) (iy) dy C'^ dC 

/•oo 

Uj{iy) / {d,Rl){iy)C-^dCdy (28) 
Jo 

XD poo 

id,Uj){iy) / Rl{iy)C-'dCdy (29) 
Jo 

The growth conditions in Lemma [4. 41 show that the Mellin transform in p7j) 
is well defined. Using the substitution i— > y\/t we can compute the inner 
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integrals in (|28]) and (|29|l explicitely: 

,r(r±i)r(. + i-r) 



r(.) 

and 

where B{a, b) = T{a)T{b)/T{a+b) = 'jj^ptjK+bdt denotes the beta function 
(see e.g. |AS65) Formula 6.2.1). Hence the Mellin transform in (|27jl can be 
written as 



r-oo 

_ ~; / 

,r(i)r(.-§) 



2T{s) 







y'' " {d^Uj) {iy) dy 



r(r±i)r(. + i^) ^ / 1 



r(s) ^ V 2 
r(i)r(s-§) w 1 



with 

Lo{uj,r) = J Uj{iy)y''''2dy and ^i(^i''') = ^y (d^Uj) {iy) y''~2 dy 

as defined in Formula (29) in |DHf)4j . The expression at the right hand of 
H30|l is (up to a nonzero factor depending on s) equal to the expression in 
Formula (3 1) in [PHfMj . Hence [Pm]j(C) = ^«,(C) in §3 of |l)Hn4j . Theo- 
rem 3.3 in |DH04j implies that the operator P is bijective since n(nj) = u. 

□ 

Remark. It is shown in |Mii03j that Pu extends holomorphically to a 
function on the cut plane C \ M<o . 



5 Main result 

In this section we will determine the action of the Hecke operators on the 
period functions induced from their action on the vector valued cusp forms. 
In ^5. II we discuss the case of the full modular group, which is simpler since 
we have to deal with scalar valued functions. In ^5.21 we discuss the Hecke 
operators on the period functions for arbitrary Tq (n). 
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a) 




b) 




m 3O = q 



111300= 



Figure 1: Diagram (a) illustrates the paths used in the proof of Lemma 15.31 
Diagram (b) illustrates the paths -Lg^oo and U; -^m~^o m~^cx3 ^-S- 9 = §• 



5.1 Hecke operators for period functions for r(l) 

Lemma 5.1 For rational q £ [0, 1) put M{q) = mi as in Definition[ 
The two paths Lq^^o o-nd |Jj L^-i^ ^-ig^ have the same initial and end point. 

Proof . Let M{q) = IJ^i be defined as in By construction m^^ = I 
is the identity matrix and 



m, ^ = i ?' ^ I = — and m, ^ 00 — , , k 1 — -r- 

for alH = 1, . . . , L. In particular ^ = q and ^ = —00. Hence, we find 

ml'O = q, (31) 
m^^ 00 = rnjl^^ for all / = 1, . . . , L and 
m^^ 00 = 00. 

Moreover IJ^i ^m'^o ^ path as union of simple paths and has the 

same initial and end point as Lq^^o- ^ 

Figure QJ) gives an illustration of the paths [jf=i ^m^^o m^^oo and Lq^^Q. 



Lemma 5.2 Let q, Lq^^o o,nd M{q) he as in Lemma \5. 1\ Both paths L, 



and U^i -^m"^ m"^ 00 ^'"^ fi''"^^ quadrant. 



q,co 



Proof . Obviously Lo,oo = {it;t > 0} and Lq^oo = {q + it;t > 0} ly in the 
first quadrant since q >0. 

The construction of M{q) gives m^^ = rnj'^-^ cxd > 0, m^^ co = co and 
m^^ = q > 0. Hence the paths L^~i q 00 ^^^^ quadrant. The 

lemma follows by composition of these paths. □ 
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Lemma 5.3 For 9 a closed 1-form on such that 6 exists for all simple 
paths L in Sj* we have 



e+ / 9 



for all q,q' eQ. 

Proof . Choose points z and w G S) on the simple paths Lg g/ respectively 
Lq'^oo as illustrated in Figure^. We consider the simple paths = Lgi^^ U 
Lz^w U L^ g/ with simultanious initial and end point q', with initial point 
q and end point cxd through the points z and w and with initial point z 
and end point cxd through the point w. 
We find that 

^ 9= [ 9= [ 9 + 

since 9 is closed and composition = Lq^z U L^. Moreover J^i 9 vanishes. 
Hence we have 



+ / 9 + 



I 9+1 9+1 9+ j 9+ j 



w,q' q' ,z 



9 + 



□ 

We will show in this section how the Hecke operators Hm induce opera- 
tors Hm on period functions. 

Lemma 5.4 Let u G S{1, s) be a cusp form and Pu the period function as 
in Definition \4-^ For ^ = (q d) ^ -^m o'^'^ M{AO) = J2i'=i''^l ^ 
have 

L 

m'd-''' / r/(u, R\^) = J2 {PulmiAm = {Pu\^M{AO)A)iC) (32) 

•'^AO.Aoo I— I 

for all C > 0. 

Proof . For / G {1, . . . , L} we find 

•J L _i _i J Lo.oo 
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using Lemma l4.1l Since G r(l) and u is a cusp form one has ul^m^ 
u. Using (|21|) we find for mi 



ci di 



The expression {ciA( + di)~'^^ is well defined since Q^C + > (see 
Lemma l2.9p . 

Recall that A = ^) and det A = m. We have 

L _i _i 

m, U,m, oo 



iPulmiA)iC). 



mi AC) 



Since Lemma l2.1()l shows miA £ Mat^(2,Z), condition (b) in ^ holds and 
the slash action above is well defined. 

On the other hand consider the term ^ r](u,R'^^). Lemma 15.1^1 

0,00 

implies that 

/ v{u,R'ac)= [ viu,R%^)+ [ ri{u,R%c) 

J L -\ J L -I -I J L -I 

since the matrices mi satisfy (|^T|l . Iterating the argument gives 
[ r,{u,R%^) = Y, [ v{n,R\^). 

L _i , ^ JL _i _i 

U,oo i — J- U.m^ oo 

Since Lao,Aoo = ^m-io,oo "^^ ^'^'^ 

'^-^AO,Aoo l—i^ 

for C > 0. □ 

Now, we can define linear operators Hm on period functions. 
Definition 5.5 For m G N define H{m) G IZm o,s 

H{m)= Y: Mi^Jj (33) 



d\m 
0<b<d 



For s G C the formal sum H{m) induces an operator Hm on the space of 
holomorphic functions on (0, oo) through 

Hmf = f\sH{m) (/gC-(0,cx))). (34) 
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Remark. The matrices in the formal sum H{m) in (|33|) have only non- 
negative integer entries as shown in Lemma l2.1UI Hence /|^i7(m)(C) in ()34() 
is well defined for all C > 0. 

Lemma l2 . 1 1 1 implies that the set 

L 

{miA- A G Xm, M(AO) = ^mj, 

1=1 

which contains all matrices appearing in the formal sum H{m), is a subset 
of 

Sm = {[l^d);a>c>0,d>b>0}c Mat+(2,Z). 

It is shown in |HMMn5] that both sets are indeed equal. (The authors in 
|HMM05] assume that gcd(a, b, c,d) = l but this restriction is not necessary.) 
Hence H{m) e 7^+ is given by H{m) = Y^BeSra ^■ 

Lemma 5.6 Let Pu be the period function of the cusp form u G S{l,s). 
For any m E N the operator Hm satisfies 

{Hrr.{Pu)) (C) = r/(i/„u, RD for ( > 0. (35) 

Proof. Let Pu be the period function of u G S{l,.s). Let Hm be the 
Hecke operator in (jB]). For A= G Xm we have using Lemma l4. II and 

Equation (|1TJ) 

/ viu\,A,Rl) = [ v{n,{Rl\oA-')) 

Applying Lemma 15.41 we find 

/ r^{u\^A,Rl) = {PulM{AQ)Am. 

Next we can compute /^^ r]{HmU, i?^) for HmU in © and find 

v{HmU,Rl)= J] (^Pu\^M{AO)AyC) = Pu\^H{m){0 

since H{m) = Eagx^ M{A0)A. □ 
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Proposition 5.7 For u G «S'(l,s) the period function Pu G FE(l,s) satis- 
fies the identity 

{Pu)\^H{m) = P{u\QH{m)). 

Proof . This follows immediately from Lemma 15.61 □ 

Remark. Proposition 15.71 shows how the Hecke operators Hm on cusp 
forms for r(l) induce Hecke operators on period functions for this group. 
These Hecke operators are the same as the operators in |HMM05] . The 
authors of |HMMf)5] derived the operators using only period functions re- 
spectively transfer operators for the groups ro(m). Another derivation of 
Hm for r(l) is given also in |Mun4j using a criterion found by Choie and 
Zagier in |CZ93j . A similar representation of the Hecke operators has been 
given by L. Merel in |Me94j . 



5.2 Hecke operators for period functions for Fq (n) 

In this section we extend the above derivation of the Hecke operators for 
period functions for r(l) to the congruence subgroups Tq (n). 



IS a 



Lemma 5.8 For ^ = (* *) G X„ put M{AO) = X;f=i G TZi. If Pu 
period function of u £ Sind{n,s), then 

'd-^' / V{u, R%^) = Pi^T') {PulmiA) (C) for ( > 0. 

(36) 



Proof . Using the transformation property of r] in Lemma 14.11 we get for 

le{i,...,L} 

/ v{u,R%(;)= rj{u\QmY\R%^{m;^-)). 

J L _i _i J Lo.oo 

An argument as in the proof of Lemma 15.41 gives 

ii nil = ^j^- Since Q^C + di > the expression {ciA( + di)~'^'^ is well 
defined. 

Using uIqTti^""'^ = p{m^^)u for m^^ G r(l) we find 
/ v{u,R'ac) 



L -1 -1 

U,m^ oo 



m^d-^^{ciAQ + di)-^'p{mJ^) j r^iu^R'^^Ac) 



25 



Consider j^^^ ^ The same argument as in the proof of 

Lemma 15.41 shows 



But this gives 



Lao,/ 



R\^) = £ Pirn-') (Pn|,m,^)(C). 



1=1 



□ 



For n = 1 Lemma 15.81 is just Lemma 15.41 since p is trivial in this case. 
Li the following we denote the i^^ component of the vector u by [-ujj. 

Lemma 5.9 Let ai, . . . be representatives of the right coset of Fq (n) 
in F(l) where p = [F(l) : Fq (n)]. Let Pu he the period function of u £ 
5ind(n,s). For A E X^, j £ let be M{aa^{A)0) = J^Li^i ^ 

TZi. Then the following identity holds for all j £ {1, . . . , p} and C > 0; 

L 

^(P]0A(i)lo^a,(^),i?c) = ^K"')^^]<^aO-) \s^i^c.,{A) (C). (37) 



Lo,'. 



1=1 



Proof . Write u = {uj)j. Using Lemma WA\ and property (|2T|) of i?^ we find 
for any j G {1, . . . , pn} and ( > 0: 



Lo,< 



^. (A)0,<tq^. (A)c 



m'dl'^' 



where aa^^A) = ( q d ) again in Xm- Take M(a«^(A)0) = Ez=i G Ui 
and apply Lemma 15.81 We have 



4>A{j) 



Remark. For u G 5(n, s) and >1 G Lemma 1^31 implies that 

u\QAaj = u\Qa^^^j)(Ja^{A). 



Mi) 



□ 
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Hence equation (j37|l can be written as 



L 

/ ri{Il{u\,A),Rl) = [p(m-i)Pn(u)]^^(^.) \,mia^^{A) (C) 

^ Lq^qC 1 = 1 

Lemma 15.91 allows us to derive an explicit formula for the action of the 
Hecke operators on the period functions of Fq (n) induced from the action 
of these operators on Sindin-,s) for this group. 

Proposition 5.10 Let ai,...,a^ be representatives of the right cosets of 
To (n) in r(l). Let Pu he the period function of u € Sind{n',s). For m 
prime take A C such that T{m) = X^AeA ^ ^/ gcd(m, n) = 1 resp. 
U{m) = X^yieA ^ if m\n. The m}^ Hecke operator Hn,m acting on Pu is 
given by 

L 

HnAP^)] . = E E K"^r')^^]<^^o-) \simiCTa,{A)). (38) 

A6A 1=1 

Remark. We emphasize that the constant L in (|38|) depends on A and 



n. 



that A = Xm for gcd(m, n) = 1 resp. A = Xm ^jCo i)} form 
Proof of Proposition IS.lUl The m}^ Hecke operator LLn^m acts on u as 

[Hn,mU]j = E "</'A(i)lo^ai (^) for fc G {1, . . . , /x}. 

A 

Applying Lemma 15.91 to both sides then gives formula H38|) . □ 
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